Spontaneous supersymmetry breaking in heterotic string theory
Supersymmetry has been traditionally considered as one of the central ingredients of string theories. From the point of view of the 2d string worldsheet, local N 2 = 1 superconformal symmetry plays a central role in removing unphysical degrees of freedom and securing the correct implementation of spacetime fermions in the spectrum of the theory. Although strings with spacetime supersymmetry have been the subject of extensive study over the last few decades, the study of supersymmetry breaking in string theory is not a new subject [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . Already from the early days of string theory, various aspects of supersymmetry breaking were considered with prime examples the study of strings at finite temperature [13, 14] and the O(16) × O(16) theory [15] .
Nevertheless, non-supersymmetric string theories have not been exhaustively studied, partly due to technical difficulties associated with the problem of taming their radiative corrections. More recently, in the context of string phenomenology, there has been an increased interest in nonsupersymmetric string constructions [16, 17, 18, 35, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] and, in particular, there has been considerable progress in understanding radiative corrections to gauge and gravitational couplings in such setups. Part of this progress was possible thanks to the development of new mathematical techniques for studying string loop amplitudes [31, 32, 33, 34, 35, 36] .
As soon as supersymmetry is broken in string theory, various terms in the effective action that were previously protected now begin receiving quantum corrections already at one loop. This includes, in particular, the scalar potential of the theory. Since these terms are no longer BPS saturated, one typically expects all perturbative states of the string to run in the loops, including oscillator as well as Kaluza-Klein (KK) and winding states.
In this way, the entire tower of heavy string states contributes to loop corrections and induces a dependence on the compactification moduli, which is expected to play a significant role in any quantitative comparison with low energy data. For instance, in the case of gauge couplings, the one loop correction
the effect of the heavy string modes is encoded in the threshold correction ∆, which is a function of the compactification moduli of the theory. Whenever supersymmetry is broken in string theory one is asked to address at least two fundamental questions, related to the possible destabilisation of the vacuum at tree and loop level. The first concerns the possible development of tachyonic excitations in the theory's spectrum. This is present both in cases where the breaking is explicit as well as when it is spontaneous. This is closely related to the exponential growth in the number of massive states leading to Hagedorn divergences. The second question concerns the destabilisation of the classical vacuum by loop effects, in the form of back-reaction that already is present at one-loop (c.f. [37, 38] ).
Some special constructions do exist in the literature, for instance, removing tachyonic excitations by turning on fluxes in certain setups. Another interesting possibility would be to project them out by means of some asymmetric orbifold action [16, 39] , possibly related to non-geometric fluxes [40, 11] . We shall not venture into this direction, but instead discuss dynamical mechanisms that protect the theory against such possibilities.
A special way to break supersymmetry in string theory, which has the benefit of retaining perturbative calculability, is the Scherk-Schwarz mechanism [41, 42, 43, 44, 1, 2, 3] . It corresponds to a flat gauging of supergravity in the field theory limit, whereas from the worldsheet perspective, it can be reformulated as a freely acting orbifold. A simple way to illustrate the Scherk-Schwarz mechanism in field theory, is to see it as a deformation of the theory such that certain fields that were previously periodic as they encircle a compact dimension, now become periodic only modulo a symmetry operation generated by a charge Q. For instance, in the case of a scalar field, Φ(X 5 + 2πR) = e 2πiQ Φ(X 5 ). This has the effect of shifting the Kaluza-Klein spectrum of charged states and, in particular, introduces a mass gap
If the operator Q is identified with the spacetime fermion number F, bosons and fermions within the same multiplet are essentially assigned different boundary conditions and, hence, different masses. The result is a spontaneous breaking of supersymmetry with a breaking scale inversely proportional to the compactification radius.
One of the important properties of Scherk-Schwarz breaking, related ultimately to its worldsheet tractability in the string case, is the no-scale structure of the scalar potential. Indeed, as soon as one minimises the tree-level potential with respect to the charged states, the potential vanishes and the scale of supersymmetry breaking remains undetermined at tree level. The size and shape of the compactified dimensions participating in the Scherk-Schwarz mechanism therefore remain moduli at tree level.
Nevertheless, one may expect that loop corrections to the scalar potential introduce non-trivial dependence on the no-scale moduli which might stabilise, or even destabilise them. This opens the possibility for a dynamical determination of the supersymmetry breaking scale. The main question, in such cases, is naturally related to the morphology of the one-loop effective potential in such theories, and which ingredients mostly affect its shape.
Since fixed points under stringy symmetries (T-dualities) naturally translate into (local) extrema of the potential and the natural scale of the problem is the string scale, one expects a typical form of the effective potential to be either in the shape of a well, or a lump, with an extremum close to the string scale. In addition, for large radii, the gravitino mass scale becomes sufficiently small and supersymmetry is asymptotically recovered in the infinite radius limit. We, therefore, expect the potential to vanish in the same limit.
In most cases of Scherk-Schwarz breaking, and provided one is working in some sub-region of moduli space where no tachyons are encountered, the one-loop corrected potential takes the form of a well, with its minimum at negative values of the potential, trapping the no-scale modulus to R ∼ 1 in string units. In other words, supersymmetry is broken at the string scale, which clearly is not a scenario relevant for discussing the hierarchy problem. Moreover, this situation is extremely unstable, since the negative potential at the minimum generates a huge negative cosmological constant. Furthermore, since the modulus is now trapped around the string scale, small perturbations may lead to the excitation of tachyonic modes and a full stability analysis is required. In such cases, there typically always exists a deformation direction along which winding tachyons will emerge.
A much more interesting situation is if the loop-corrected potential has the shape of a bump, with a maximum again around the fixed points but at positive values for the potential. Provided no minimum is established at negative values of the potential, this shape typically triggers spontaneous decompactification and the radius of the compact dimension participating in the Scherk-Schwarz breaking dynamically rolls to very large values. Essentially, the theory tends asymptotically towards the supersymmetric regime, with the gravitino mass m 3/2 ∼ 1/R becoming smaller and smaller. Provided another mechanism is at play, possibly due to non-perturbative effects, which stabilises the radius field to some phenomenologically desirable value, the possibility is opened for supersymmetry breaking at low scales, possibly comparable to the TeV range. An additional benefit of this scenario is that, with the radius being driven away from the string scale, the theory is also dynamically protected against tachyonic excitations. This is a generic feature of large volume scenarios [45] .
There are, however, additional constraints to consider. The generic asymptotic behaviour of the potential at large radii is of the form V loop ∼ (n F − n B )/R 4 , where n F,B is the number of massless fermionic/bosonic states in the theory. Setting the breaking scale to be around the TeV range, the resulting potential is still too large compared to the observed value for the cosmological constant; in fact, overshooting it by nearly 40 orders of magnitude.
A possible solution to this problem was already suggested by Antoniadis in [45] , by imposing a bose-fermi degeneracy n F = n B to the massless states in the string spectrum. In this case, the leading polynomial 1/R 4 fall of the potential is eliminated, and the potential then exhibits an exponential suppression consistent with the requirements for a small vacuum energy at large volume. Such models, precisely because they almost carry the no-scale property also to the loop level, were termed 'super no-scale' models [21, 28, 29] . In addition to allowing an exponentially small value for the cosmological constant, they also naturally induce an exponentially small back-reaction.
An important question that arises next is whether it is actually possible to construct actual string models with chiral matter, which realise the above large-volume scenario. It turns out that it is, in fact, possible and the first such examples within the framework of heterotic string theory were given in [27] . In the same work, it was found that the super no-scale condition by itself is not sufficient to guarantee the desired shape of the potential. Non-level matched states around selfdual points actually do significantly affect the shape of the potential, including its sign. The precise conditions can be found, e.g. at the fermionic point, in [27] .
Another interesting result concerns the dependence of the potential on other 'orthogonal' moduli, not directly participating in the Scherk-Schwarz breaking. An investigation in [27] indicates that these tend to be stabilised at values of the order of the string scale, at least for sufficiently large radii. Although the explicit models constructed in [27] leave an unbroken SO(10) GUT group, they still lay the ground for further investigation in more realistic setups.
Having outlined the possibility for naturally triggered large volume scenarios in heterotic strings, we can now return to the question of radiative corrections to gauge and gravitational couplings. Threshold corrections to such couplings in the string effective action were extensively studied [46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57] throughout the 90's in the case of at least one unbroken supersymmetry, with several seminal results. Nevertheless, very little was known about how such couplings renormalise in non-supersymmetric string theory.
The calculation of gauge threshold corrections involves the scattering amplitude of two gauge
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After evaluating the correlator of the gauge bosons for the genus-1 worldsheet CFT, one is instructed to integrate over their relative position z on the worldsheet torus, and eventually perform an integral over all gauge-inequivalent shapes of the torus, parametrised by the complex structure parameter τ, over the fundamental domain F . A seminal result due to Dixon, Kaplunovsky and Louis [47] gives rise to the notion of supersymmetric universality. Focusing on the dependence on the compactification moduli, for the case of unbroken supersymmetry, the difference of gauge thresholds for two different gauge group factors takes the form
The sum is over BPS states, and the dependence on the compactification moduli T,U enters through the BPS mass M 2 , which encodes the contributions of Kaluza-Klein momentum and winding states. The prefactor b 12 is simply the difference between the beta function coefficients for the two gauge groups in question, associated to the massless spectrum of the theory. It is remarkable that this modular integral can be exactly evaluated in closed form, in terms of the logarithm of Dedekind η functions. It is impressive that for a large class of constructions, the above result is largely universal. The model dependence enters only through the multiplicative prefactor b 12 .
It is highly non-trivial that a similar version of universality exists also in heterotic theories with spontaneously broken supersymmetry à la Scherk-Schwarz introduced as a momentum shift along the first cycle of a T 2 of internal space. Under certain precise conditions given in [20] , for a large class of such theories, the difference of gauge thresholds can be again cast into a universal closed form [17] 
where ϑ 2 and ϑ 4 are the well known Jacobi theta constants, j 2 is the Hauptmodul of the Hecke congruence subgroup Γ 0 (2) ∈ SL(2; Z) andĵ 2 is obtained from j 2 by the Fricke involution τ → −1/(2τ). This highly unexpected result indicates again a form of non-supersymmetric universality in differences of gauge thresholds. Indeed, the only model dependence enters into the coefficients α, β , γ which have a precise interpretation as differences of beta-function coefficients (in general, for subsectors of the theory) and may be again computed from the knowledge of the massless spectrum and its quantum numbers alone. A generalised version of the above universal expression can also be obtained [25] for the gauge threshold corrections themselves (as opposed to only their differences) and also for gravitational thresholds, by exploiting the symmetries under congruence subgroups of the modular group, although it cannot be cast in a simple closed form.
One expects that in the large volume limit, gauge thresholds are dominated by the 6d limit of the theory. In 6d, however, the gauge coupling scales with squared length and so, we expect thresholds to behave as ∆ a ∼β a T 2 , where T 2 is the volume of the compactification 2-torus along which Scherk-Schwarz is acting as a translation. Here,β a is the beta function coefficient for the massless degrees of freedom surviving in the 6d limit of the theory charged under the gauge group factor G a . By inspecting the above universal expressions for threshold differences, it is straightforward to see that this is indeed the case.
At large volume, the thresholds receive a huge contribution (in magnitude) from the term involving the Dedekind η-functions; a behaviour present both in the supersymmetric as well as the non-supersymmetric case. If the beta function coefficient for the gauge group in question is positive, then the one loop-corrected gauge coupling becomes extremely small and effectively decouples. If, on the other hand,β a < 0, the large volume contribution quickly drives the theory to the strong coupling regime and ruins the theory's predictability at lower energies. This issue is known as the decompactification problem and appears to be generic in heterotic theories at large volume.
Some ways to solve the decompactification problem have appeared in the literature [51, 18] . The idea is to modify the construction such that a theory with 16 supercharges is asymptotically recovered in the large volume (6d) limit of the theory T 2 → ∞. In other words, as T 2 → ∞ the theory is effectively dominated by the N = 4 sector, instead of an N = 2 one. This suppresses the contribution of the heavy modes and removes the problematic log |η(T )|-terms, and replaces them with Jacobi theta functions, i.e. log |ϑ 4 (T )| which are suppressed at large volume. This solves the decompactification problem. Unfortunately, it does not appear to be possible to realise this scenario for a theory with chirality.
An alternative way of looking at the decompactification problem [30] is to view it not as a problem but, rather, as a vacuum selection criterion. It is possible, in fact, to impose conditions on the theory such that the decompactification problem is absent. This approach is compatible with chirality and it is this viewpoint that we wish to adopt here.
Let us first note that it is possible to decompose the large volume behaviour of gauge thresholds into two parts 8) in which the first two terms constitute the N = 2 subsector of the theory, that governs the 6d limit of the theory. The remaining N = 1 and N = 4 subsectors are absorbed in the ellipses, and k a is the Kac-Moody level for a given gauge group factor G a . The first term is a universal part that can be traced to diagrams involving the universal coupling of graviton and dilaton to the gauge fields, while the second term is the actual running part multiplied by the N = 2 sector beta function coefficient of the 6d theory. The ellipses denote terms that grow at most logarithmically at large volume. Typically, one does not deal with the universal part Y , since it can be absorbed into a redefinition of the tree level coupling. One is then usually left only with the running part
Indeed, as discussed before, the effect of the running part ∆ is to subtract the 4d logarithmic growth and replace it with the 6d polynomial growth. This leads to the decompactification problem.
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The key observation now is that not only does the running part ∆ grow linearly with the compactification volume T 2 , but so does the universal part Y , which is defined by the modular integral
Here,Ê 2 is the quasi-holomorphic Eisenstein series of weight 2, while E 4 , E 6 are the holomorphic Eisenstein series of weight 4 and 6, respectively. By carefully unfolding and evaluating this integral in the large volume limit, one finds indeed that the universal part grows linearly with the volume, Y ∼ 48πT 2 .
We can therefore split Y into its linear growth and absorb the rest into the tree level coupling. Putting everything together,
The idea is now to use precisely the universal part in order to cancel the linear growth of the running part. In other words, we wish to impose conditions on the N = 2 subsector that survives in the 6d limit of the theory, and whose KK and winding excitations from the 4d perspective are the origin of the decompactification problem, such that it exactly cancels the growth of the universal part. Indeed, if the N = 2 subsector of the theory is chosen such thatβ a = 3k a for all gauge group factors that we wish to retain at low energies, the corresponding couplings will exhibit at most a logarithmic dependence on the compactification volume. This works in terms of model building because the actual matter of the theory comes from N = 1 sectors, is moduli independent and controls the logarithmic running.
The conditions to be imposed at the 6d limit of the theory can take a very simple form [30] . For instance, for an SO(2n) gauge group factor at level one, 12) it is simply a relation between the number of massless states in the vectorial and spinorial representation of SO(2n). After cancellation of the liner volume term, the gauge couplings run logarithmically according to 16π 2 g 2 a (µ)
The beta function coefficient β a is determined in terms of the twisted N = 1 matter, while β a is due to a residual contribution of KK and winding towers of states from N = 2 exact, and the spontaneously broken N = 2 → 0, N = 4 → 0, N = 4 → 2 sectors. There have been several explicit heterotic constructions [30] of super no-scale models with chirality, which realise this scenario, in which the decompactification problem is absent as explained here. In a preliminary scan of 10 8 models performed in [27] , out of which 7 × 10 4 satisfy various modest conditions (such as chirality and the super no-scale property), it was found that some 40% of them do not suffer from the decompactification problem. It is therefore an interesting open model-building problem to construct theories with all desired properties, taking also into account the running of couplings to low energies.
In closing, we would like to make a brief comment about quantum corrections to gravitational couplings in the presence of spontaneously broken supersymmetry. In particular, we wish to ask whether the Einstein-Hilbert term renormalises at 1-loop. In the case of unbroken supersymmetry, this question was answered by Kiritsis and Kounnas in the 90's in a beautiful work [50] that laid the ground for a systematic and powerful analysis of such cases. The result was that the R term does not run nor does it receive any moduli dependent corrections at one loop.
This result was shown to hold also in the case of spontaneously broken supersymmetry [25] . For Heterotic theories the one loop correction vanishes identically, whereas type II theories have a constant 1-loop correction. This correction can be shown to be topological. In fact, it is related to the elliptic genus of the theory and can be shown to equal one fourth of the Euler characteristic of the compactification manifold, χ(X)/4.
